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Motivation

Geodesic Acoustic Modes (GAM) are relatively
high frequency eigen-modes supported by
plasma compressibility in toroidal geometry.

Coupled to the drift-wave and Zonal Flows?

Coupled to Alfven modes/cascades? Can be
driven by high energy partricles? Transport
regulation/modulation? Coupling to high energy
particles drive?

GAM localization , radial propagation etc:
dispersion properties.



Outline

Extended MHD model to reproduce GAM
Kinetic dispersion relation

Degeneration GAM (m = n = 0) and BAE
(finite m and n)

Coupling of GAM and BAE. Mode
polarization.

Dispersion of GAMS and BAE In various
regimes: (<k\.. or >K\N- ok, =(m—-ng)/qR
How does ideal MHD work
in the limit of ~ W<KM, ?

Drift effects



Short history of GAM and related modes

*1968 : Geodesic acoustic modes: Winsor, Johnson, Dawson

«2000-05: Surge of interest related to zonal flows (GAM is an eigen mode
of poloidal rotation in a tokamak)

- No theoretical or experimental work in between

- 2008: Every large or small tokamak has seen one or several
variety of GAM; many sightings in numerical simulations

-But: Mysterious ubiquitous 25 kHz mode on many tokamaks,
1970-2000

1973: Mikhailovskii, NF: Electromagnetic drift wave instabilities
(finite m,n GAM/BAE)

1977: Mazur, Mikhailovskii, NF, Beam driven Alfven waves: 7/4 coefficient
surfaces

1999: Mikhailovskii, Sharapov, : Electromagnetic drift wave instabilities,
Plasma Phys Reports, GAM+BAE+ drift effects

1996: Levedev, Yushmanov, Diamond, Smolyakov, PoP,. Relaxation of
poloidal rotation problem, 7/4 surfaces again from kinetic calculations



Short history of GAM cont’d

1993, Heidbrink et al, “What is the beta-induced Alfven
eigen-mode?” oscillations with @ = v, / R

1992: Chu, Green et al., Coupling of Alfven and sound
continuum via geodesic curvature creates low
frequency gap

1996-2008: Zonca et al., Unstable Alfven modes in the
continuous spectrum: GAM dispersion relation with
/14, electromagnetic (Alfven modes) effects but no
references to Winsor, Green Johnson; AITG modes

2001--2008: Berk, Sharapov, Gorelenkov, Fu,
Nazikian, and others: Alfven cascades, BAE/Alfven
waves zoology, BAAE (Gorelenkov), Fu (EGAM), ...



Discrepancy between MHD and kinetic theory

~(0
MHD theory GAM mode polarization includes: f;}( )(-r,t), fj{l] and

Ij;r”('l)) (finite ¢ coupling) to the longitudinal sound wave
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where 1‘.2 = vpo/po- T he first term is the GAM part, the 1/g2 term
IS due to the sound coupling.

Kinetic theory gives
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MHD — kinetic: 2v =10/3 — 7/241/7. Geodesic compressibility
index 7/4, is a result of different compressibility of parallel and
perpendicular pressure Smolyakov, 2005.



Extended MHD for GAMs

Plasma quasineutrality V| -J| + V4 =0 with

1 dV
J, = —bx—E

Weq dt
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T he perpendicular current contains the contribution of parallel vis-
cosity II=3x (bb—1/3) /2, which is related to the pressure anisotropy,

| = 2(-p|| —p)/3. results in
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T he evolution of the viscosity tensor is governed by the Grad type
equation Mikhailovskii 1984, Smolyakov 1998.
dll

2
IV -V + [va + (@ vv)' - T1 :v-—V)]
(L

+we (b x IT — 11 x b) + [}J‘FV—I—p (‘FV)T — %I PV - V]
2

2
+E{‘Fq+ (TQ)T—glv‘fl]‘Fv‘ =



Mode polarization and coupling

All perturbed quantities

X = Xo + (X1 exp (i) + X_1 exp (=i0)) exp (—imb + in) + ....

Here Xg ~ exp (—imf + inC) is the principal component , and ;*‘751
and X _; are side-bands due to the geodesic curvature
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It is convenient to work with X;+ X ; combinations:

— o

X_1exp (if)+X_1exp (if) = (X1 + X_1) cos+i (X3 — X_1)sin6 = X.



Extended MHD (no electrons) GAM with

m=n=0
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Coupling of potential, plasma pressure and viscosity
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T hese equations reproduce kinetic dispersion relation (7/4) , Mazur,
Mikhailovskii 1977,Lebedev 1996, Zonca 1996.
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For m = n = 0O principal harmonic, the mode is mostly electro-
static.
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Finite m and m GAM with electromagnetic effects

For finite m and n GAM couples to the principal Alfven branch in
the main order and the dispersion relation is

Mikhailovskil 1973, Zonca 1996, Breizman 2005, kg = kg =
(m —nq) /qR.

Mode polarization (in the main order, without dispersion):

(p1 —p—1+ (71 —7_1) /4) , oo and Ag



The first electromagnetic mode

T his mode involves coupled , po+ mo/4 . (;:;';;1 = ;;:}_1) . (;—'1'1 -+ A'_l) .
p2 +p—_2, and 7o +7_>
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Dispersion relation
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Alfven mode shifted by average geodesic curvature (in fact, this is
an MHD result, v2. = 2pg/p)




The second electromagnetic mode

This mode involves (51 + E;;_l) . (Al . A_l), po—p_o, and To—m_o
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Another Alfven mode shifted by average gec}desic curvature. Note

v2,
two different values of the geodesic shift £ Ef and 2 8 Eg-



Three modes:
GAM /BAE 4

Two electromagnetic modes: split Alfven waves
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L2 ="V, YA
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2 Csing, A < cosh, pg, and 5@ ~ cos 26
> 2
L2 — 21 v, I VA
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2 L coss, AW < sing, and 5@ ~ sin26



Coupling to sound continuum In

kinetic theory/extended MHD theory:
Small corrections of the order of vy, /(@qR)<<1

For of m = n = 0O,

Lt

7 v, 46
.2 — _tT?- (1 _I_ _g—z) )

The factor 1 + 46/ (4992) replaces the coefficient 1 + 1/(2(12)
(Sugama 2006,Zonca 2007,Gao 2006,Zonca 2008)

For finite m and n, the Kinetic calculations lead to
7 v 23 u2.
2 Ti T 2 2
ot = — 1 k (L
( + 14g2R2w2) + kgva
Coupling to acoustic continuum become more important for Alfven
side-band modes.
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Interaction of Alfven and acoustic continua

Gorelenkov 2007, Holst 2000 Standard MHD model

(202, 20 w20 o\ WBokr i gy _
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where ¢ = ypg/po = v%./2, and pg = ngm;.




Finite m and n GAM and BAAE gap

Coupling of the Alfvén continuum at the principal and acoustic
side-bands harmonics

— (w2 - k,z,b,z) n 2cZ w? _
- R R2 w2 — ¢2/q2R? B
This mode primarily involves ¢q, Ag, and p1 —p_1.
For small k3v4 there are two modes here .
GAM mode:

2
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And the second lower frequency mode:
2.,
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T hese two modes form a BAAE gap (Gorelenkov 2007). The third
mode appears when shear is included, k1 = —k_1

w



Interaction of Alfven and acoustic continua
The first electromagnetic side-band mode

Coupled oscillations of the side-band Alfvén, acoustic principal har-
monic pp, and second order acoustic side-bands

2 2 42 2 42
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The second electromagnetic side-band mode

The second electromagnetic branch involves Alfvéen side-band and
second order acoustic side-bands
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Dispersion effects on GAMs/BAE

kjo = (m—nq) /qR <& kﬂ—_l ~ 1/qR
Electron response to side-band fluctuations is always adiabatic:

==

For a principal component with k”O, there are two possible regimes:

adiabatic, w < kovp,. and hydrodynamic regime (e.g. m = n = 0),
W > R‘-UTFTE

Electron response calculated from drift kinetic equation in two
regimes w << kovr, and w < koup,. taking into account the next
order corrections of the order of wi/wz < 1

The ion response is calculated in the fluid limit w > vp; /qR, w > wy;
up to the second order in wi/wg < 1 and including the polarization
effect, kZp? < 1. Quasineutrality n; = n. and Ampere law are used
get the dispersion equations.



Ion Kinetic response
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fluid limit w > &4 and expansion in &4/w.
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Electron drift-kinetic equation

The electron dynamics is described by the drift Kinetic equation
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Electron drift kinetic equation
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T he first Alfven side band Iin the regime of
adiabatic electrons: w < kgvpe

Note that w < kgvp, does not allow for the case kg — 0. Side-band
Alfvén oscillations with (;1 + 5;.-{;_1) ~ cosf and (}i'l — E_l) ~ sin#
parity
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Dispersion due to finite ion-sound Larmor radius, ps = T/ (-rn..imgi) :



GAM and the second Alfven side band, w <
kovpe: ¢o and (¢ — ¢_1) ~sine

For finite m and n the principal Ag and side-band G@l-+ii_1)ew
cosfl components of the magnetic vector potential become impor-
tant.
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.

Two modes with (¢, —¢_;)~sing and (A;+A4 ) ~
cosf .

T he lower frequency GAM mode

2
2 > _vp; (7 | 1 2 2
wS = wy = 2:"(4—|——T)+k01=‘4,

and the higher frequency side-band Alfvén mode
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Dispersion of the GAM mode
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T here are two types of the dispersive effects here: ion-sound Lar-
mor radius effects, P:,,,p < 1, and average deodesic curvature,
wdefwz < 1. Dispersion of Alfvén side band
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this is well known dispersion of Alfvén waves.



Regime of hydrodynamic electrons w > kgvp,:

The first Alfven side-band oscillations: (¢, +<,.-a_1)
and (;1“1 —}i'_l)

T he same as for the adiabatic regime
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GAM the second Alfven side band in the
hydrodynamic regime (w > kgvp,) :

Coupled perturbations of (¢1 —¢_1), (A1 4+ A_1), Ag and ¢g
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GAM + the second Alfven side band in the
hydrodynamic regime (w > kgup,) :

GAM mode

The side-band Alfvén mode
9 “U% 211:%_1-

g2 R? 8 RZ
almost the same as for the adiabatic regime (but no extra 1/7

term)

L)



GAMs in the hydrodynamic w > kovyp. and adi-
abatic w < kgvp,. regimes are the same

2
v, (T 1

Dispersion is different



ldeal MHD In adiabatic and hydrodynamic

regime for electrons
Hydrodynamic regime, w > kgvp, :
o
E-p—l— Vg -Vp=20
and adiabatic regime, « < kgup, :

"\,_”j'? = 0

give the same response if EII — 0. In other words,

and
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Dispersion of GAM modes

GAM mode
2
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In this regime, w > koup., the dispersion correction are due to a finite electron
inertia, k?c Qhuim < 1, and a finite magnetic drift frequency, dﬂfu: < 1. Sign of

the w3 /w? dispersion is the same as in the adiabatic regime Sign of the kZc?/w
term is opposite to the sign of the k?p? dispersion in the adiabatic regime:

= W) + 41[-,2 2 % dp‘I‘DUq _ﬂ'e T-r (I - 1) 1

Consistent with the dispersion of Alfvén waves in a slab plasma.
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Drift effects on GAMs with high m

or

Dispersion and instability of drift waves
due to the average geodesic curvature



lon drift-kinetic equation
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Principal and side-band harmonics:
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Fluid expansions, Nno resonances

Fluid regime (both for the main and side-band components), no
Landau damping, no electromagnetic effects
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Assume that m > 1 and neglect the difference between w”;il
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lon density response
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Dispersion and instability of drift waves

Electron drift waves lon sound and FLR dispersion
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Average geodesic curvature dispersion

¥

Generalized Inertia



lon drift mode destabilized by averaged
geodesic curvature




Summary

Three related electromagnetic eigen-modes that involve average
geodesic curvature: —Two of these, involve a typical GAM parity
with perturbations of ¢g, Ag and (;1 —}}}_1) ,: (}Tl +ﬁ_1)+ —One
of these is GAM with finite m and n (BAE). — The second mode
of the same parity is the Alfvén side-band —The third eigen-mode
involves (;1 + ;_1) ~ CcOos# and (;1[1 —ﬁ_l) ~ sin6 perturbations.
This mode is essentially electromagnetic and represents another
Alfvén side-band shifted by the average geodesic curvature

Direct coupling of GAM and Alfvén side-bands, may provide new
important channel affecting drift-wave turbulence in a tokamak.
The geodesic curvature shift of Alfven mode can create the con-
ditions for mode localization (eigen-modes)



Summary cont’d
Dispersion of GAM:

-Finite electron magnetic drift frequency, @7 /w?.

-Finite ion-sound Larmor radius, k? pq. in the adiabatic regime
w < koup,, and finite electron inertia k2c z/w in the hydrodynamic

regime.

-Finite ion magnetic drift frequency, w(_zﬁ/wz (neglected here, Zonca
1996, 2008)

kips and kgc? /w2, dispersion have the opposite signs (similar to
the slab plasma case).

-Average geodesic curvature provides a generalized inertia term
with a sign opposite to that of the ion polarization/FLR. In com-
bination with drift effects potentially may be destabilizing.
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